In this manuscript, conformal mapping is applied to a rib/channel domain of a polymerelectrolyte-fuel-cell diffusion medium. The analysis leads to the calculation of an effective diffusion-medium thickness, which can subsequently be used in 1-D simulations to account for the average rib/channel 2-D geometric effect. Extensions of the analysis to anisotropic and multilayer diffusion media are also given. Both equations and figures show the impact on a given variable at the catalyst layer of having a combined conducting/nonconducting boundary across from it.
Introduction
Mathematical modeling has been shown to provide understanding of the complex operation of polymer-electrolyte fuel cells (PEFCs) [1, 2] . Modeling has the ability to sort out and quantify the various tradeoffs and interplay among the different PEFC phenomena. Key among these is the impact of thermal and water management in the PEFC backing layers know as diffusion media (DM). A DM is typically composed of a macroporous gas-diffusion layer (GDL) and a microporous layer (MPL). In addition, each layer contains mixed wettability composed of hydrophilic (carbon) and hydrophobic (Teflon) moieties to aid in water egress and reactant-gas ingress. The transport in these layers is often compounded by the fact that while one end is in contact with the catalyst layer, the other end is typically in contact with a solid portion or rib and an open portion or channel. The rib allows for electrical and better thermal connections and the channel allows for water and gas connections.
It is widely known that as one adds complexity to a model, computational cost increases and model robustness decreases. This is one reason why many of the detailed models for PEFCs and their constitutive layers are often 1-D or pseudo 2-D where the flow-channel direction is also considered. In this fashion, the 2-D rib/channel geometry is neglected. Accounting for such geometry and its effects normally requires simplification of the governing equations [3] [4] [5] [6] [7] [8] [9] . In this article, such simplification is not used and the average effects of the rib/channel geometry is accounted for in a 1-D simulation by the use of an effective DM thickness that is derived from integrating a semianalytic series solution.
To undertake such a task, conformal mapping is used to predict how the average value of a flux changes as a function of the rib-to-channel ratio. This change is then correlated to an effective DM thickness for a 1-D simulation that accounts only for transport in the through-plane 2 direction. The effective thickness is similar to making the DM thicker to result in the larger mass-transport resistances due to having a boundary that is not only conducting but nonconducting as well. Thus, the average 2-D impact of the rib/channel geometry can be assessed and utilized without increasing the complexity and dimensionality of a 1-D simulation.
It should be noted that such an analysis provides only the average impact and not the detailed distribution with maxima and minima; to capture these detailed effects requires a full 2-D simulation.
Problem Statement and Conformal Mapping
The problem statement and conformal-mapping solution method for the DM is summarized schematically in Figure 1 . Figure 1a shows a PEFC with the domain under investigation highlighted. The left figure in Figure 1b shows the rib/channel geometry where t is the thickness of the DM, L is the length of the modeling domain (combined rib and channel half lengths), δ represents the dimensionless location of the rib/channel interface, and y = 0 is the middle of the DM (i.e., the catalyst layer is at t/2). The hatched portion represents the channel where gas and liquid can interchange (for a variable like electronic potential, the boundary conditions on AE and ED are switched). The top and bottom boundary conditions are due to symmetry.
A quasipotential solution method can be used assuming that the overall fluxes within the domain are uniform, which is the case in a DM if one assumes local equilibrium between liquid water and water vapor if both are present. One can then define a variable, Q, the quasipotential, which is related to the divergence of a flux [10] [11] [12] [13] [14] valid. In terms of the boundary conditions, at the gas channel the variables are set to known values, Q is set equal to zero, and at the catalyst layer, the flux is set (e.g., from a Butler-Volmer kinetic equation).
As shown in Figure 1 This transformation can be rewritten and manipulated to be of the form [14, 17] ( )
where and are the incomplete and complete elliptical integrals of the first kind, respectively [18] , and k = c −1 and can be determined from the transcendental equation
The above transform can be inverted to yield the transform from the z-plane to the w-plane
where sn is an elliptic function (which is tabulated in handbooks [18, 19] ), and expressions for u and v can easily be obtained by known elliptic-function identities [17] [18] [19] . Now, all of the points in w-plane have been determined. Specifically,
where dn is also an elliptic function. 
where this integral has to be evaluated numerically.
The boundary conditions must be transformed. Since insulators remain insulators and Dirichlet boundary conditions remain intact through the transformations, only the flux boundary-5 condition at the catalyst layer, N(Q), has to be transformed. This transformation is done by examining the respective transformations along BC in Figure 1 , with the result [14] ,
Comparison of Solutions and Effective Thickness
For a typical 1-D problem, the rib (ED in Figure 1 ) is neglected, resulting in case similar to that of the right figure in Figure 1 , except in the original coordinate system. Solving for the variable Q (related to the divergence of the flux) in the typical 1-D problem results in
For the transformed system, a similar solution exists if one only cares about the average value of the flux, G , which is essentially taking the first eigenvalue of the series solution for Q. 
To determine the effective thickness of the DM caused by having the rib/channel geometry, the variable value at the catalyst layer in the a-plane (i.e., at a B ) is determined, and the thickness of the 1-D problem modified to result in the same value of Q. These manipulations result in 
The two effective-thickness equations can be solved and are plotted in Figure 2 . The integrals are evaluated using a 25-term Gauss-Legendre integration method where the a i 's are specified and the corresponding u values calculated using an implicit equation solver along with the a-plane transformations (equations 8 and 14) [19] . Once again, the effective thickness can be seen as how much thicker the DM has to be in order to contain the same mass-transport resistance when part of the boundary is nonconducting. As expected, the two curves are symmetric with respect to the rib/channel interface due to the geometry of the initial problem; 
For the Q Φ curve, one needs only replace the δ above with 1−δ. It should be noted that while the above expression fits the curve well, it does not capture adequately the steep increase towards infinity as δ goes to 0, and so should be used with caution in the limits of small conducting or nonconducting regions.
Model Extensions
It is worthwhile to examine two additional issues that are relevant for determining effective thicknesses, namely, multilayer DM and anisotropic DM. Both are addressed below. It should be noted that the analysis presented below is not strictly rigorous because the existence of multiple layers and anisotropic properties causes geometry-dependent equations, which limits the use of the quasipotential transformation method. This limitation arises because the geometric dependence cannot be canceled entirely [14] . The conformal mapping remains valid and for a single equation there should be minimal error. The amount of error depends on various factors including geometry, material and physical properties, operating conditions, etc. The error and that of using a 1-D model instead of a full 2-D will increase with the number of layers (i.e., there are more interfaces that are averaged over) and number of equations. Quantification of the error for various PEFC test cases is currently under investigation.
In terms of multilayer DM, because the governing equations are the same as those of a single-layer DM (only the properties change), the above analysis remains valid. Therefore, equations 13 and 15 can be used. However, those equations yield the change in the total thickness of the composite DM. It can be shown that in terms of the average thickness values, the relative location of the MPL remains the same in both the z-and a-planes [14] . Hence, the effective thickness of the GDL and MPL in a composite DM can be given by
and GDL eff, eff MPL eff,
respectively, where t remains the total thickness of the composite DM.
For anisotropic DM one can stretch the 2-D domain into an equivalent one that is isotropic.
As an example, if one assumes that the flux relation can be written in the form of a conduction channel is conducting as a function of transport-coefficient anisotropy; the curves for a ribconducting boundary are symmetric. The inverse thickness is plotted because it ranges from 0 to 1 and thus allows a better comparison as to the limiting behavior as the conducting boundary approaches zero thickness (i.e., the effective thickness goes towards infinity). The chosen value for the isotropic situation is arbitrary for this comparison since one is only changing the value of L in equation 5, and it is the same curve as that of Q in Figure 2 . From Figure 3 , as well as by inspection of equation 21, one can see that as α y increases compared to α x , the effective length becomes shorter and the impact of the rib/channel geometry less. This agrees with more rigorous simulations that show a more uniform profile as the in-plane conductivity increases compared to the through-plane one [21] , which is typically the case for PEFC DM due to the carbon fiber orientation of the material. Figure 3 suggests that there is a limitation that occurs when α y is appreciably smaller than α x .
This limit makes sense since as the through-plane conductivity dominates, there is no in-plane spreading out of the variable. Thus, conduction of the component occurs in a straight path from the conducting boundary to the catalyst layer, with the part of the catalyst layer across from the nonconducting boundary being inactive. The limiting curve is essentially a measure of the maximum loss of catalyst-layer utilization. In this fashion, Figure 3 can be used not only to examine the impact of anisotropies, but also the impacts of absolute rib and channel lengths.
Conclusions
In this manuscript, conformal mapping has been used to show how the average value of the flux through a diffusion medium (DM) changes as a function of the rib-to-channel ratio. This change allows the calculation of an effective DM thickness that can be used in 1-D simulations and still consider the rib/channel effect. The analysis showed the impact of the rib/channel geometry and can be used as an initial screening for optimal rib/channel ratios. Extensions of the analysis to anisotropic and multilayer DM were also given, with results showing how anisotropies can either yield large inactive zones or a decrease in the rib/channel effect; the latter 11 is the expected outcome for typical DM materials. The analysis presented is valid for any flowfield design that has a solid and channel portion and it provides the general impact without having to do full 2-D simulations. Plot of the inverse effective DM thickness for a channel conducting boundary as a function of the dimensionless channel length and for various anisotropic transport-property tios. ra
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